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Abstract
Let (E ,F) be a symmetric non-local Dirichlet from with unbounded coefficient
on L2(Rd; dx) defined by
E(f, g) =
∫∫
Rd×Rd
(f(y)− f(x))(g(x) − g(y))W (x, y) J(x,dy) dx, f, g ∈ F ,
where J(x,dy) is regarded as the jumping kernel for a pure-jump symmetric Le´vy-
type process with bounded coefficients, and W (x, y) is seen as a weighted (un-
bounded) function. We establish sharp criteria for compactness and non-compactness
of the associated Markovian semigroup (Pt)t≥0 on L
2(Rd; dx). In particular, we
prove that if J(x,dy) = |x− y|−d−α dy with α ∈ (0, 2), and
W (x, y) =
{
(1 + |x|)p + (1 + |y|)p, |x− y| < 1
(1 + |x|)q + (1 + |y|)q, |x− y| ≥ 1
with p ∈ [0,∞) and q ∈ [0, α), then (Pt)t≥0 is compact, if and only if p > 2.
This indicates that the compactness of (E ,F) heavily depends on the growth of
the weighted function W (x, y) only for |x − y| < 1. Our approach is based on
establishing the essential super Poincare´ inequality for (E ,F). Our general results
work even if the jumping kernel J(x,dy) is degenerate or is singular with respect to
the Lebesgue measure.
1 Introduction
It is an important research subject in functional analysis and mathematical physics to
reveal the spectral structure of a self-adjoint operator L generating a Markovian semigroup
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(Pt)t≥0 := (e
−tL)t≥0. In view of the study of symmetric Markov processes, we can deduce
asymptotic properties, in particular, ergodic properties, of transition semigroups by using
the spectral structure. To do so, we would like to find conditions for compactness of
(Pt)t≥0 because it is equivalent to the essential spectrum of L being empty (see, e.g., [15,
Theorem 0.3.9(ii)]). In fact, if this is the case for the symmetric semigroup (Pt)t≥0 on
L2(Rd; dx), then there exist eigenvalues {λn}n≥1 and the corresponding eigenfunctions
{ϕn}n≥1 ⊂ L
2(Rd; dx) such that Ptf =
∑∞
n=1 e
−λnt〈ϕn, f〉L2(Rd;dx)ϕn for f ∈ L
2(Rd; dx)
and t > 0. The readers are referred to [17, 12] for several equivalent conditions for the
compactness of symmetric Markov semigroups.
If L is a (symmetric) second order elliptic operator of the form
∑d
i,j=1
∂
∂xi
(aij(x)
∂
∂xj
) on
L2(Rd; dx), then the spectral structure of (Pt)t≥0 is characterized in terms of the growth
order of the coefficient {aij(x)}1≤i≤d at infinity (see, e.g., [3, 4, 8, 9]). More precisely,
let {aij(x)}1≤i,j≤d be a C
∞ function on Rd with values in the set of positive symmetric
matrices, and EL the quadratic form on C∞c (R
d) defined by
EL(f, g) =
1
2
∫
Rd
d∑
i,j=1
aij(x)
∂f
∂xi
(x)
∂g
∂xj
(x) dx. (1.1)
Here C∞c (R
d) is the totality of smooth functions on Rd with compact support. For simplic-
ity, we assume that there exist positive constants λ, Λ and p such that for any x, ξ ∈ Rd,
λ(1 + |x|)p|ξ|2 ≤
d∑
i,j=1
aij(x)ξiξj ≤ Λ(1 + |x|)
p|ξ|2. (1.2)
Then, the closure of the quadratic form (EL, C∞c (R
d)) is a regular Dirichlet form on
L2(Rd; dx) generating a Markovian semigroup (see e.g., [5, Chapter 1 and Section 3.1]).
In particular, this semigroup is compact, if and only if p > 2 (see [3, Theorem 4.2 and
Corollary 4.4] and Remark 2.2 below).
The purpose of this paper is to establish sharp criteria for compactness and non-
compactness of the semigroups associated with a large class of non-local Dirichlet forms
on L2(Rd; dx) with unbounded coefficients. To highlight the novelty of our contribution,
we present the assertions for stable-like Dirichlet forms with unbounded coefficients in
this section, which is a special case of general results (see Theorems 2.1 and 2.4 below).
For d ≥ 1 and α ∈ (0, 2), the fractional Laplacian is defined by
−(−∆)α/2f(x) := lim
ε→0
∫
{|x−y|>ε}
(f(y)− f(x))
Cd,α
|x− y|d+α
dy,
where Cd,α is a positive constant depending on d and α. It is known that the essential
spectrum of the operator (−∆)α/2 is [0,∞). Equivalently, the associated Markovian
semigroup is not compact. On the contrary, this semigroup has nice analytical properties;
in particular, it has a strictly positive density function with respect to the Lebesgue
measure (see, e.g., [2]). Therefore, according to [15, Theorem 0.3.9 and Theorem 3.2.1],
for any strictly positive function ψ ∈ L2(Rd; dx), there exists no decreasing function
2
β : (0,∞) → (0,∞) such that the following essential super Poincare´ inequality holds for
all r > 0 and f ∈ C∞c (R
d):
∫
Rd
f(x)2 dx ≤ rE0(f, f) + β(r)
(∫
Rd
|f(x)|ψ(x) dx
)2
. (1.3)
Here E0(f, f) is the bilinear form associated with the fractional Laplacian −(−∆)α/2, i.e.,
for any f, g ∈ C∞c (R
d),
E0(f, g) = 〈(−∆)α/2f, g〉L2(Rd;dx) =
1
2
∫∫
Rd×Rd
(f(y)− f(x))(g(x)− g(y))
Cd,α
|x− y|d+α
dx dy.
In the theory of stochastic processes, the fractional Laplacian −(−∆)α/2 is the infinitesi-
mal generator of the rotationally symmetric α-stable process, and so E0(f, g) is called the
α-stable Dirichlet form in the literature.
In order for the validity of the inequality (1.3), one reasonable way is to enlarge the
bilinear form E0(f, f) at the right hand side of (1.3); that is, instead of E0(f, g), we will
consider the following α-stable like Dirichlet form with unbounded coefficient:
E(f, g) :=
∫∫
Rd×Rd
(f(x)− f(y))(g(x)− g(y))
W (x, y)
|x− y|d+α
dx dy, (1.4)
where W (x, y) is a strictly positive, symmetric and unbounded measurable function on
R
d×Rd. We can regard (1.4) as a non-local analogue of (1.1). If (1.3) holds with E0(f, f)
replaced by E(f, f), then we can immediately get the compactness of the semigroup
associated with the bilinear form E(f, g). This explains the motivation of our paper.
Let (E ,D(E)) be a quadratic form on L2(Rd; dx) such that E is as in (1.4), and D(E) ={
f ∈ L2(Rd; dx) : E(f, f) <∞
}
. We assume that
x 7→
∫
Rd
(1 ∧ |x− y|2)
W (x, y)
|x− y|d+α
dy ∈ L1loc(R
d; dx). (1.5)
It holds that C∞c (R
d) ⊂ D(E). Let ‖ · ‖E1 be the norm on D(E) defined by ‖f‖E1 =(
E(f, f)+‖f‖2L2(Rd;dx)
)1/2
, and F := C∞c (R
d)
‖·‖E1 . Then, (E ,F) is a regular Dirichlet form
on L2(Rd; dx). Denote by (Pt)t≥0 the associated Markovian semigroup. We have the
following statement.
Theorem 1.1. Let W (x, y) be a Borel measurable function on Rd × Rd defined by
W (x, y) = (U1(x) + U1(y))1{|x−y|<1} + (U2(x) + U2(y))1{|x−y|≥1}, (1.6)
where Ui(x) (i = 1, 2) is a nonnegative locally bounded function on R
d such that for some
c1 > 0 and q ∈ [0, α),
U2(x) ≤ c1(1 + |x|)
q, x ∈ Rd. (1.7)
Then, we have
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(i) if infx∈Rd U1(x) > 0 and
lim inf
|x|→∞
U1(x)
|x|2
=∞,
then (Pt)t≥0 is compact on L
2(Rd; dx);
(ii) if
lim sup
|x|→∞
U1(x)
|x|2
<∞,
then (Pt)t≥0 is not compact on L
2(Rd; dx).
(1.7) along with the local boundedness of Ui (i = 1, 2) implies that (1.5) holds. As a
direct consequence of Theorem 1.1, by letting
W (x, y) =
{
(1 + |x|)p + (1 + |y|)p, |x− y| < 1
(1 + |x|)q + (1 + |y|)q, |x− y| ≥ 1
(1.8)
with p ∈ [0,∞) and q ∈ [0, α), the associated semigroup (Pt)t≥0 is compact, if and only
if, p > 2.
We will make a few comments on Theorem 1.1.
(i) Theorem 1.1 indicates that the compactness of the semigroup associated with the
Dirichlet form (E ,F) given by (1.4) heavily depends on the growth of the weighted
function W (x, y) only for |x−y| < 1. Indeed, according to our general results below
(see Theorems 2.1 and 2.4), the assertion of Theorem 1.1 still holds true for the
truncated version of (E ,F), i.e., the Dirichlet form (E∗,F∗) on L2(Rd; dx) given by
E∗(f, g) :=
∫∫
{|x−y|<1}
(f(x)− f(y))(g(x)− g(y))
W (x, y)
|x− y|d+α
dx dy
and F∗ := C∞c (R
d)
‖·‖E∗
1 , where ‖f‖E∗1 =
(
E∗(f, f) + ‖f‖2L2(Rd;dx)
)1/2
. In particular,
for the weighted function W (x, y) given by (1.8), the semigroup associated with
(E∗,F∗) is compact, if and only if, p > 2. This shows that in this case the criteria for
compactness of the semigroup associated with the non-local Dirichlet form (E∗,F∗)
on L2(Rd; dx) with finite range jumping kernel is the same as these for the local
Dirichlet form given by (1.1).
(ii) The proof of Theorem 1.1 is based on establishing the essential super Poincare´
inequality for (E ,F), which was first introduced by F.-Y. Wang in [14]. However,
there are few results concerning the (optimal) essential super Poincare´ inequality
for non-local Dirichlet forms. In order to prove Theorem 1.1, we will make use of
the comparison argument and Hardy-type inequality for (E ,F) (see Lemma 2.8).
The test function φ involved in that inequality is given by φ(x) = (1+ |x|2)−δ/2 with
δ ∈ (0, 1). Then for any C > 0, there exist λ > 0 and R0 > 0 such that for any
x ∈ Rd with |x| ≥ R0,
−Lλφ
φ
(x) ≥ C,
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where {Lλ}λ≥1 is a family of the formal generators of auxiliary quadratic forms
dominated by (E ,F); see Propositions 2.5 and 2.6. This approach is powerful in
the sense that we can even deduce the corresponding statements for more general
non-local Dirichlet forms with unbounded coefficients.
(iii) Recently, the compactness of the weighted fractional heat semigroups has been stud-
ied. Let Lˇ = −(1+|x|)p(−∆)α/2 be a (formal) self-adjoint operator on L2(Rd; dx/(1+
|x|)p) with p ≥ 0 and d > α. Then, the associated Markovian semigroup is com-
pact, if and only if p > α; see [13, Proposition 4.1] and [16, Corollary 2.3]. See
also [7, Theorems 4.8 and 2.2] for the study of compactness for the semigroup on
L1(Rd; dx/(1 + |x|)p). In fact, with the aid of the Hardy inequality or the frac-
tional Sobolev inequality, the second named author ([16]) proved that the following
essential super Poincare´ inequality∫
Rd
f(x)2
1
(1 + |x|)p
dx ≤ rE0(f, f) + β(r)
(∫
Rd
|f(x)|
ψ(x)
(1 + |x|)p
dx
)2
(1.9)
holds for all r > 0 and f ∈ C∞c (R
d) with some deceasing function β : (0,∞) →
(0,∞) and some function ψ ∈ L2(Rd; dx), if and only if, p > α; see the proof
of [16, Theorem 1.2] for more details. Thus, one may try to replace the function
f(x) by f(x)(1 + |x|)p/2 in (1.9), and then to establish the desired essential super
Poincare´ inequality for the Dirichlet form (E ,F) given by (1.4). However, it seems
that this approach does not work, and is far from getting the sharp result as shown
in Theorem 1.1.
The rest of the paper is arranged as follows. In Section 2, we present assertions and
their proofs for the compactness and non-compactness criteria of semigroups associated
with general non-local Dirichlet forms with unbounded coefficients; see Theorems 2.1
and 2.4. As mentioned above, main tasks of the proofs are to disprove and to establish
essential super Poincare´ inequalities for the associated Dirichlet form. In Section 3, we
present the proof of Theorem 1.1, and also give two examples of non-local Dirichlet forms
with degenerate or singular jumping kernel to illustrate our general results.
2 General results
Let J(x, dy) be a nonnegative kernel on Rd × B(Rd) such that the measure J(dx, dy) :=
J(x, dy) dx satisfies the symmetry condition
J(dx, dy) = J(dy, dx), (2.1)
and
sup
x∈Rd
∫
Rd
(1 ∧ |x− y|2) J(x, dy) <∞. (2.2)
That is, J(x, dy) is regarded as the jumping kernel for a pure-jump Le´vy-type process
with bounded coefficients. Let W (x, y) be a nonnegative, locally bounded and symmetric
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Borel measurable function on Rd × Rd such that
x 7→
∫
Rd
(1 ∧ |x− y|2)W (x, y) J(x, dy) ∈ L1loc(R
d; dx). (2.3)
Roughly speaking, W (x, y) is regarded as a weighted function.
Let (E ,D(E)) be a quadratic form on L2(Rd; dx) defined by
D(E) =
{
u ∈ L2(Rd; dx) :
∫∫
Rd×Rd
(u(x)− u(y))2W (x, y) J(x, dy) dx <∞
}
,
E(u, u) =
∫∫
Rd×Rd
(u(x)− u(y))2W (x, y) J(x, dy) dx.
It is easy to verify that C∞c (R
d) ⊂ D(E) under (2.3). Define the norm ‖ · ‖E1 on D(E) by
‖f‖E1 =
(
E(f, f) + ‖f‖2L2(Rd;dx)
)1/2
.
We can then define
F := C∞c (R
d)
‖·‖E1 ,
so that (E ,F) is a regular Dirichlet form on L2(Rd; dx), see, e.g., [5, Example 1.2.4]. We
denote by (Pt)t≥0 the L
2-semigroup associated with (E ,F).
2.1 Condition for non-compactness
In this subsection, we provide a sufficient condition for non-compactness of (Pt)t≥0.
Theorem 2.1. Suppose that
lim inf
l→∞
[
l−d
∫
{|x|≤l}
∫
Rd
(
1 ∧
|x− y|2
l2
)
W (x, y)J(x, dy) dx
]
<∞. (2.4)
Then, the semigroup (Pt)t≥0 is not compact on L
2(Rd; dx).
Proof. We apply some idea in the proof of [16, Theorem 2.2(ii)]. Suppose that (Pt)t≥0 is
compact on L2(Rd; dx). We then see by [15, Theorem 0.3.9 and Theorem 3.2.1] that for
any strictly positive function ψ ∈ L2(Rd; dx), there exists a strictly positive nondecreasing
function β(r) on (0,∞) such that for any r > 0 and f ∈ C∞c (R
d),
∫
Rd
f(x)2 dx ≤ rE(f, f) + β(r)
(∫
Rd
|f(x)|ψ(x) dx
)2
. (2.5)
We now take ψ(x) = e−|x|. For l ≥ 1, let fl ∈ C
∞
c (R
d) satisfy
fl(x)


= 1, 0 ≤ |x| ≤ l,
∈ [0, 1], l ≤ |x| ≤ 2l,
= 0, |x| ≥ 2l
6
and ‖∇fl‖∞ ≤ 2l
−1. Then ∫
Rd
fl(x)
2 dx ≥ c1l
d (2.6)
and ∫
Rd
|fl(x)|ψ(x) dx ≤
∫
Rd
ψ(x) dx = c2. (2.7)
Here and in what follows, all the constants ci are independent of l. Furthermore,
E(fl, fl) =
∫∫
Rd×Rd
(fl(x)− fl(y))
2W (x, y) J(x, dy) dx
=2
∫
{|x|≤2l}
∫
Rd
(fl(x)− fl(y))
2W (x, y) J(x, dy) dx
=2
∫
{|x|≤2l}
∫
{|y|<4l}
(fl(x)− fl(y))
2W (x, y) J(x, dy) dx
+ 2
∫
{|x|≤2l}
∫
{|y|≥4l}
(fl(x)− fl(y))
2W (x, y) J(x, dy) dx
= : 2(I) + 2(II),
where in the second equality we used the fact that supp(fl) ⊂ B(0, 2l), (2.1) and the
symmetry of W (x, y). Here and in what follows, B(0, r) := {x ∈ Rd : |x| < r} for r > 0.
We have
(I) ≤
∫
{|x|≤2l}
∫
{|x−y|<6l}
(fl(x)− fl(y))
2W (x, y) J(x, dy) dx
≤ 4l−2
∫
{|x|≤2l}
∫
{|x−y|<6l}
|x− y|2W (x, y) J(x, dy) dx
and
(II) ≤
∫
{|x|≤2l}
∫
{|x−y|≥2l}
W (x, y) J(x, dy) dx
≤ 4−1l−2
∫
{|x|≤2l}
∫
{2l≤|x−y|<6l}
|x− y|2W (x, y) J(x, dy) dx
+
∫
{|x|≤2l}
∫
{|x−y|≥6l}
W (x, y) J(x, dy) dx.
Hence,
E(fl, fl) ≤ c3
∫
{|x|≤6l}
∫
Rd
(
1 ∧
|x− y|2
(6l)2
)
W (x, y)J(x, dy) dx. (2.8)
Putting (2.6), (2.7) and (2.8) into (2.5) with f = fl, we find that there are constants
c4, c5 > 0 such that for all l ≥ 1 and r > 0.
ld ≤ c4r
∫
{|x|≤6l}
∫
Rd
(
1 ∧
|x− y|2
(6l)2
)
W (x, y)J(x, dy) dx+ c5β(r);
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that is,
1 ≤ c4r
[
l−d
∫
{|x|≤6l}
∫
Rd
(
1 ∧
|x− y|2
(6l)2
)
W (x, y)J(x, dy) dx
]
+ c5β(r)l
−d.
However, under (2.4), we have a contradiction from the inequality above by taking liminf
for l →∞ and then letting r → 0. Namely, (Pt)t≥0 is not compact on L
2(Rd; dx).
Remark 2.2. Let (EL, C∞c (R
d)) be a quadratic form as in (1.1). Suppose that {aij(x)}1≤i,j≤d
is local uniformly elliptic, and that there exists a positive Borel measurable function a(x)
on Rd such that for any x, ξ ∈ Rd,
d∑
i,j=1
aij(x)ξiξj ≤ a(x)|ξ|
2.
Denote by FL the closure of C∞c (R
d), i.e., FL := C∞c (R
d)
‖·‖
EL
1 with ‖f‖EL1 =
(
EL(f, f) +
‖f‖2L2(Rd;dx)
)1/2
. By analogy with the proof of Theorem 2.1, we can show that the semi-
group associated with (EL,FL) is non-compact, if
lim inf
l→∞
[
l−(d+2)
∫
{|x|≤2l}
a(x) dx
]
<∞.
In particular, if {aij(x)}1≤i,j≤d satisfies (1.2), then the semigroup associated with (E
L,FL)
is non-compact when p ≤ 2.
2.2 Condition for compactness
We first recall that W (x, y) and J(x, dy) satisfy (2.3). To establish a sufficient condition
for compactness of the semigroup (Pt)t≥0, we will impose the following conditions on
W (x, y) and J(x, dy), respectively.
Assumption 2.3. (i) The function W (x, y) is locally bounded on Rd × Rd such that
for any λ > 0, there exist a strictly positive C1-function Vλ(x) on R
d and a constant
R0 > 0 so that
• W (x, y) ≥ Vλ(x) + Vλ(y) for any x, y ∈ R
d with |x− y| < 1;
• infx∈Rd Vλ(x) > 0, and Vλ(x) = λ(1 + |x|
2) for any x ∈ B(0, R0)
c.
(ii) There exists a nonnegative Borel measure ν(dz) on [0, 1) such that
• J(x, x+ A) ≥ ν(A) for any x ∈ Rd and Borel set A ⊂ B(0, 1);
• ν(A) = ν(−A) for any Borel set A ⊂ B(0, 1), where −A = {x ∈ Rd | −x ∈ A};
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• Let
ϕ(ξ) =
∫
{|z|<1}
(1− cos〈z, ξ〉) ν(dz), ξ ∈ Rd
and
β0(r) =
∫
Rd
e−rϕ(ξ) dξ, r > 0.
Then
β0(r) <∞,
∫ ∞
r
β−10 (s)
s
ds <∞, r > 0,
where β−10 (r) is an inverse function of β0(r).
Under Assumption 2.3(i), we have
inf
x,y∈Rd:|x−y|<1
W (x, y) > 0.
Note also that by (2.2), the measure ν in Assumption 2.3(ii) satisfies∫
{0<|z|<1}
|z|2 ν(dz) ≤ sup
x∈Rd
∫
{0<|x−y|<1}
|x− y|2J(x, y) dy <∞. (2.9)
We then have
Theorem 2.4. Under Assumption 2.3, the semigroup (Pt)t≥0 is compact on L
2(Rd; dx).
To prove Theorem 2.4, we need to introduce a class of auxiliary quadratic forms. For
any fixed λ > 0, we define Wλ(x, y) = Vλ(x) + Vλ(y), and
Eλ(u, u) =
∫∫
{0<|z|<1}
(u(x+ z)− u(x))2Wλ(x, x+ z) ν(dz) dx, u ∈ F .
Then by Assumption 2.3, Eλ(u, u) ≤ E(u, u) for any u ∈ F .
For our purpose, we will extend the domain of the quadratic form (Eλ,F). For a pair
f and g of Borel measurable functions on Rd such that∫∫
{0<|z|<1}
|f(x+ z)− f(x)||g(x+ z)− g(x)|Wλ(x, x+ z) ν(dz) dx <∞,
we let
Eλ(f, g) :=
∫∫
{0<|z|<1}
(f(x+ z)− f(x))(g(x+ z)− g(x))Wλ(x, x+ z) ν(dz) dx.
It is clear that Eλ(f, g) is well defined, if f, g ∈ F (in particular, if f, g ∈ C∞c (R
d)).
Proposition 2.5. Let φ(x) = (1 + |x|2)−δ/2 for some δ > 0. Under Assumption 2.3, we
have the following statements for any λ > 0.
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(i) For any g ∈ C∞c (R
d),∫∫
{0<|z|<1}
|φ(x+ z)− φ(x)||g(x+ z)− g(x)|Wλ(x, x+ z) ν(dz) dx <∞.
In particular, Eλ(φ, g) is well defined.
(ii) For any g ∈ C∞c (R
d),∫∫
{0<|z|<1}
|φ(x+ z)− φ(x)− 〈∇φ(x), z〉||g(x)|Wλ(x, x+ z) ν(dz) dx <∞
and ∫∫
{0<|z|<1}
|〈∇φ(x), z〉||g(x)||Wλ(x, x+ z)−Wλ(x, x− z)| ν(dz) dx <∞.
(iii) For any g ∈ C∞c (R
d),
Eλ(φ, g) = −2
∫
Rd
(Lλφ)(x)g(x) dx,
where
Lλφ(x) =
∫
{0<|z|<1}
(φ(x+ z)− φ(x)− 〈∇φ(x), z〉)Wλ(x, x+ z) ν(dz)
+
1
2
∫
{0<|z|<1}
〈∇φ(x), z〉(Wλ(x, x+ z)−Wλ(x, x− z)) ν(dz).
(2.10)
In particular, Lλφ is locally bounded on R
d.
Proof. We first prove (i). Let g ∈ C∞c (R
d). Since g has compact support, there exists a
compact set K ⊂ Rd such that∫∫
{0<|z|<1}
|φ(x+ z)− φ(x)||g(x+ z)− g(x)|Wλ(x, x+ z) ν(dz) dx
=
∫
K
∫
{0<|z|<1}
|φ(x+ z)− φ(x)||g(x+ z)− g(x)|Wλ(x, x+ z) ν(dz) dx.
By the mean value theorem, there exists c1 > 0 such that for any x, z ∈ R
d with |z| < 1,
|φ(x+ z)− φ(x)| ≤
c1|z|
(1 + |x|2)(δ+1)/2
≤ c1|z|.
Then, according to (2.9) and the local boundedness of Wλ(x, y),∫
K
∫
{0<|z|<1}
(φ(x+ z)− φ(x))2Wλ(x, x+ z) ν(dz) dx
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≤ c2
∫
K
∫
{0<|z|<1}
|z|2Wλ(x, x+ z) ν(dz) dx <∞.
Hence by the Cauchy-Schwarz inequality,[∫
K
∫
{0<|z|<1}
|φ(x+ z)− φ(x)||g(x+ z)− g(x)|Wλ(x, x+ z) ν(dz) dx
]2
≤
∫
K
∫
{0<|z|<1}
(φ(x+ z)− φ(x))2Wλ(x, x+ z) ν(dz) dx
×
∫
K
∫
{0<|z|<1}
(g(x+ z)− g(x))2Wλ(x, x+ z) ν(dz) dx <∞,
which implies (i).
We next prove (ii) and (iii) in a similar way to the proof of [11, Theorem 2.2]. Fix
ε > 0. Then, by the symmetry of ν(dz) and Wλ(x, y),∫∫
{ε<|z|<1}
(φ(x+ z)− φ(x))(g(x+ z)− g(x))Wλ(x, x+ z) ν(dz) dx
= −2
∫∫
{ε<|z|<1}
(φ(x+ z)− φ(x))g(x)Wλ(x, x+ z) ν(dz) dx
= −2
∫∫
{ε<|z|<1}
(φ(x+ z)− φ(x)− 〈∇φ(x), z〉)g(x)Wλ(x, x+ z) ν(dz) dx
− 2
∫∫
{ε<|z|<1}
〈∇φ(x), z〉g(x)Wλ(x, x+ z) ν(dz) dx.
(2.11)
By the Taylor theorem, there exists c3 > 0 such that for any x, z ∈ R
d with |z| < 1,
|φ(x+ z)− φ(x)− 〈∇φ(x), z〉| ≤
c3|z|
2
(1 + |x|2)(δ+2)/2
≤ c3|z|
2,
which implies that∫
{ε<|z|<1}
|φ(x+ z)− φ(x)− 〈∇φ(x), z〉|Wλ(x, x+ z) ν(dz)
≤ c3
∫
{0<|z|<1}
|z|2Wλ(x, x+ z) ν(dz) =:M1(x).
Note that, by (2.9) and the local boundedness of Wλ(x, y) again, the function M1(x) is
locally bounded on Rd. Since g has compact support in Rd, we have∫∫
{ε<|z|<1}
|φ(x+ z)− φ(x)− 〈∇φ(x), z〉||g(x)|Wλ(x, x+ z) ν(dz) dx
≤
∫
Rd
M1(x)|g(x)| dx <∞.
(2.12)
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Since the measure ν(dz) is symmetric, we have∫∫
{ε<|z|<1}
〈∇φ(x), z〉g(x)Wλ(x, x+ z) ν(dz) dx
=
1
2
∫∫
{ε<|z|<1}
〈∇φ(x), z〉g(x)(Wλ(x, x+ z)−Wλ(x, x− z)) ν(dz) dx.
(2.13)
By the mean value theorem and Vλ ∈ C
1(Rd), there exists a locally bounded nonnegative
function cλ(x, z) on R
d × Rd such that for any x, z ∈ Rd with |z| < 1,
|Wλ(x, x+ z)−Wλ(x, x− z)| = |Vλ(x+ z)− Vλ(x− z)| ≤ cλ(x, z)|z|,
which implies that∫
{ε<|z|<1}
|〈∇φ(x), z〉||Wλ(x, x+ z)−Wλ(x, x− z)| ν(dz)
≤ c4
∫
{0<|z|<1}
|z|2cλ(x, z) ν(dz) =:M2(x).
Then, thanks to (2.9) again, the function M2(x) is also locally bounded on R
d. In partic-
ular, ∫∫
{ε<|z|<1}
|〈∇φ(x), z〉||g(x)||Wλ(x, x+ z)−Wλ(x, x− z)| ν(dz) dx
≤
∫
Rd
M2(x)|g(x)| dx <∞.
(2.14)
We thus have the assertion (ii) by letting ε→ 0 in (2.12) and (2.14). We also obtain the
assertion (iii) by (2.11), (2.13) and (ii).
Proposition 2.6. For any δ ∈ (0, 1) and C > 0, there exist λ > 0 and R0 > 0 such that
for any x ∈ B(0, R0)
c, the function φ(x) = (1 + |x|2)−δ/2 satisfies
−Lλφ
φ
(x) ≥ C. (2.15)
In particular, the function −Lλφ/φ is bounded from below.
Proof. According to the proof of Proposition 2.5, we know that Lλφ is locally bounded.
So it suffices to prove (2.15).
Let δ > 0. Then for any x, z ∈ Rd with 0 < |z| < 1, we have by the Taylor theorem,
φ(x+ z)− φ(x)− 〈∇φ(x), z〉 = δ
∫ 1
0
(1− s)
(δ + 2)〈x+ sz, z〉2 − (1 + |x+ sz|2)|z|2
(1 + |x+ sz|2)δ/2+2
ds.
Then, the Fubuni theorem yields that for any λ > 0,∫
{0<|z|<1}
(φ(x+ z)− φ(x)− 〈∇φ(x), z〉)Wλ(x, x+ z) ν(dz)
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= δ
∫ 1
0
(1− s)
∫
{0<|z|<1}
(δ + 2)〈x+ sz, z〉2 − (1 + |x+ sz|2)|z|2
(1 + |x+ sz|2)δ/2+2
Wλ(x, x+ z) ν(dz) ds
= δ(δ + 2)
∫ 1
0
(1− s)
∫
{0<|z|<1}
〈x+ sz, z〉2
(1 + |x+ sz|2)δ/2+2
Wλ(x, x+ z) ν(dz) ds
− δ
∫ 1
0
(1− s)
∫
{0<|z|<1}
|z|2
(1 + |x+ sz|2)δ/2+1
Wλ(x, x+ z) ν(dz) ds
=: (I)− (II). (2.16)
For any δ > 0, ε ∈ (0, 1) and λ > 0, there exists a constant R0 > 0 by Assumption
2.3(i) such that for any x ∈ B(0, R0)
c and z ∈ Rd with 0 < |z| < 1,
Wλ(x, x± z) = λ(1 + |x|
2) + λ(1 + |x± z|2); (2.17)
in particular, for any x ∈ B(0, R0)
c, z ∈ Rd with 0 < |z| < 1, and s ∈ (0, 1),
Wλ(x, x+ z)
(1 + |x+ sz|2)δ/2+2
≤
2λ(1 + ε)
(1 + |x|2)δ/2+1
(2.18)
and
Wλ(x, x+ z)
(1 + |x+ sz|2)δ/2+1
≥
2λ(1− ε)
(1 + |x|2)δ/2
= 2λ(1− ε)φ(x). (2.19)
Then, by (2.18),
(I) ≤ δ(δ + 2)
2λ(1 + ε)
(1 + |x|2)δ/2+1
∫ 1
0
(1− s)
(∫
{0<|z|<1}
〈x+ sz, z〉2 ν(dz)
)
ds =: (I)∗. (2.20)
By the symmetry of the measure ν(dz),∫
{0<|z|<1}
〈x, z〉|z|2 ν(dz) = 0.
Since
〈x+ sz, z〉2 = (〈x, z〉+ s|z|2)2 = 〈x, z〉2 + 2s〈x, z〉|z|2 + s2|z|4,
we have ∫
{0<|z|<1}
〈x+ sz, z〉2 ν(dz) = F (x)|x|2 + c1s
2,
where
F (x) =
1
|x|2
∫
{0<|z|<1}
〈x, z〉2 ν(dz), c1 =
∫
{0<|z|<1}
|z|4 ν(dz).
Therefore, for any s ∈ (0, 1) and x ∈ Rd,∫ 1
0
(1− s)
(∫
{0<|z|<1}
〈x+ sz, z〉2 ν(dz)
)
ds =
F (x)
2
|x|2 +
c1
12
.
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Then, by (2.20), we obtain for any x ∈ B0(0, R0)
c,
(I) ≤ (I)∗ ≤ δ(δ + 2)
2λ(1 + ε)
(1 + |x|2)δ/2+1
(
F (x)
2
|x|2 +
c1
12
)
≤ λ(1 + ε)δ(δ + 2)
(
F (x) +
c1
6|x|2
)
φ(x).
(2.21)
Let
γ0 =
∫
{0<|z|<1}
|z|2 ν(dz).
Then, by (2.19), we have for any x ∈ B(0, R0)
c,
(II) ≥ 2λδ(1− ε)φ(x)
∫ 1
0
(1− s) ds
(∫
{0<|z|<1}
|z|2 ν(dz)
)
= λδγ0(1− ε)φ(x). (2.22)
Combining this with (2.21), we get that for any x ∈ B(0, R0)
c,∫
{0<|z|<1}
(φ(x+ z)− φ(x)− 〈∇φ(x), z〉)Wλ(x, x+ z) ν(dz)
= (I)− (II)
≤ λδ
{
(1 + ε)(δ + 2)
(
F (x) +
c1
6|x|2
)
− (1− ε)γ0
}
φ(x).
(2.23)
Since, by (2.17),
Wλ(x, x+ z)−Wλ(x, x− z) = λ(1 + |x+ z|
2)− λ(1 + |x− z|2) = 4λ〈x, z〉,
we have∫
{0<|z|<1}
〈x, z〉(Wλ(x, x+ z)−Wλ(x, x− z)) ν(dz) = 4λ
∫
{0<|z|<1}
〈x, z〉2 ν(dz)
= 4λF (x)|x|2,
which implies that for any x ∈ B(0, R0)
c,
1
2
∫
{0<|z|<1}
〈∇φ(x), z〉(Wλ(x, x+ z)−Wλ(x, x− z)) ν(dz)
= −
δ
2(1 + |x|2)δ/2+1
∫
{0<|z|<1}
〈x, z〉(Wλ(x, x+ z)−Wλ(x, x− z)) ν(dz)
≤ −2λδ(1− ε)F (x)φ(x).
(2.24)
The last inequality above holds true due to the fact that we can choose R0 large enough
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if necessary. Putting (2.24) and (2.23) into (2.10), we get for any x ∈ B(0, R0)
c
Lλφ(x) ≤ λδ
{
(1 + ε)(δ + 2)
(
F (x) +
c1
6|x|2
)
− (1− ε)(γ0 + 2F (x))
}
φ(x)
= λδ
{
((1 + ε)δ + 4ε)F (x) +
c1(1 + ε)(δ + 2)
6|x|2
− (1− ε)γ0
}
φ(x)
≤ λδ
{
((1 + ε)δ + 5ε− 1)γ0 +
c1(1 + ε)(δ + 2)
6|x|2
}
φ(x)
≤ λδγ0 {(1 + ε)δ + 6ε− 1}φ(x).
(2.25)
Here in the second inequality we used the fact that F (x) ≤ γ0 for any x ∈ B(0, R0)
c, and
the last inequality holds true again because we can choose R0 large enough if necessary.
For any δ ∈ (0, 1), we can take ε ∈ (0, 1) so small that
(1 + ε)δ + 6ε− 1 < 0.
Then, (2.15) follows by letting in (2.25)
λ =
C
δγ0{(1− 6ε)− (1 + ε)δ}
.
Hence the proof is complete.
Remark 2.7. As seen from (2.16), (2.22) and (2.25) above, the negativity of Lλφ is
mainly due to the estimate for the term (II). Furthermore, (II) is deduced from the
Taylor formula for the test function φ, and roughly speaking it comes from the expansion
term ∂
2φ
∂xi∂xj
. This indicates that, for the generator Lλ of the quadratic form (E
λ,F) with
finite range jumping kernel, the estimate of Lλφ(x) for |x| large enough is similar to the
second order elliptic operator acting on φ. We also note that, the condition δ ∈ (0, 1) and
the inequality F (x) ≤ γ0 are crucial for the proof of Proposition 2.6.
We also need the following Hardy type inequality for the Dirichlet form (E ,F).
Lemma 2.8. Let λ > 0 and φ(x) = (1+ |x|2)−δ/2 for some δ > 0. If the function −Lλφ/φ
is bounded from below, then for any f ∈ F ,
E(f, f) ≥ 2
∫
Rd
−Lλφ
φ
f 2 dx.
Proof. We first assume that f ∈ C∞c (R
d). Since f 2/φ ∈ C∞c (R
d), we have by Proposition
2.5(iii),∫
Rd
−Lλφ
φ
(x)f(x)2 dx
=
∫
Rd
(−Lλφ)(x)
f 2
φ
(x) dx =
1
2
Eλ(φ, f 2/φ)
=
1
2
∫∫
{0<|z|<1}
(φ(x+ z)− φ(x))
(
f 2
φ
(x+ z)−
f 2
φ
(x)
)
Wλ(x, x+ z) ν(dz) dx.
(2.26)
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Because for any x, y ∈ Rd,
(φ(y)− φ(x))
(
f 2
φ
(y)−
f 2
φ
(x)
)
= f(y)2 −
(
f(x)2
φ(y)
φ(x)
+ f(y)2
φ(x)
φ(y)
)
+ f(x)2
≤ f(y)2 − 2|f(y)||f(x)|+ f(x)2 ≤ (f(y)− f(x))2,
we have by (2.26) and Assumption 2.3,∫
Rd
−Lλφ
φ
(x)f(x)2 dx ≤
1
2
∫∫
{0<|z|<1}
(f(x+ z)− f(x))2Wλ(x, x+ z) ν(dz) dx ≤
1
2
E(f, f).
We next assume that f ∈ F . Take a sequence {fn}n≥1 ⊂ C
∞
c (R
d) such that ‖fn −
f‖E1 → 0 as n → ∞. Let {fnk}k≥1 be a subsequence such that fnk → f , a.e. Since
the function −Lλφ/φ is bounded from below by assumption, we get by an application of
Fatou’s lemma,
E(f, f) = lim
k→∞
E(fnk , fnk) ≥ 2 lim inf
k→∞
∫
Rd
−Lλφ
φ
(x)fnk(x)
2 dx ≥ 2
∫
Rd
−Lλφ
φ
(x)f(x)2 dx.
This completes the proof.
Now, we are in a position to present the
Proof of Theorem 2.4. We first note that the Nash-type inequality holds for (E ,F). In
fact, let Z := (Zt)t≥0 be a Le´vy process on R
d with Le´vy measure 1{0<|z|<1} ν(dz). Ac-
cording to [6, Proposition 4.1] and Assumption 2.3(ii), the process Z has a transition
density function p(t, x) with respect to the Lebesgue measure such that for all t > 0,
‖p(t, ·)‖∞ ≤ (2pi)
−d/2
∫
Rd
e−tϕ(ξ) dξ ≤ β0(t) <∞.
This along with [15, Theorem 3.3.15] yields that for any r > 0 and f ∈ C∞c (R
d),∫
Rd
f(x)2 dx ≤
r
2
∫∫
{0<|z|<1}
(f(x+ z)− f(x))2ν(dy)dx+β0(r)
(∫
Rd
|f(x)| dx
)2
. (2.27)
According to Assumption 2.3, we further know that there is a constant c1 > 0 such that
for any r > 0 and f ∈ C∞c (R
d),∫
Rd
f(x)2 dx ≤ c1rE(f, f) + β0(r)
(∫
Rd
|f(x)| dx
)2
.
Replacing r with r/c1 in the inequality above, we see that for all r > 0 and f ∈ C
∞
c (R
d),∫
Rd
f(x)2 dx ≤ rE(f, f) + β0(r/c1)
(∫
Rd
|f(x)| dx
)2
.
In particular, by Assumption 2.3(ii) and [15, Theorem 3.3.14], the associated semigroup
(Pt)t≥0 also has a transition density function with respect to the Lebesgue measure.
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We next establish the essential super Poincare´ inequality for (E ,F). Let φ(x) =
(1 + |x|2)−δ/2 for some fixed δ ∈ (0, 1). According to Proposition 2.6, for any C > 0,
we can take positive constants λ := λ(C), C0 := C0(C) and R0 := R0(C) so that for all
x ∈ Rd,
−Lλφ
φ
(x) ≥ C1B(0,R0)c(x)− C01B(0,R0)(x).
This along with Lemma 2.8 yields that for any f ∈ C∞c (R
d),
C
∫
B(0,R0)c
f(x)2 dx ≤
∫
Rd
−Lλφ
φ
(x)f(x)2 dx+ C0
∫
B(0,R0)
f(x)2 dx
≤
1
2
E(f, f) + C0
∫
B(0,R0)
f(x)2 dx,
whence ∫
B(0,R0)c
f(x)2 dx ≤
1
2C
E(f, f) +
C0
C
∫
B(0,R0)
f(x)2 dx. (2.28)
On the other hand, let η := ηR0 ∈ C
∞
c (R
d) take values in [0, 1] so that η = 1 on
B(0, R0) and η = 0 on B(0, R0 + 1)
c. In particular, there exists a constant c2 > 0,
independently of R0, such that for any x, z ∈ R
d,
|η(x+ z)− η(x)| ≤ c2|z|. (2.29)
Then, by (2.27), we have for any s > 0 and f ∈ C∞c (R
d),∫
B(0,R0)
f(x)2 dx ≤
∫
Rd
(f(x)η(x))2 dx
≤
s
2
∫∫
{0<|z|<1}
(f(x+ z)η(x+ z)− f(x)η(x))2 ν(dz) dx
+ β0(s)
(∫
Rd
|f(x)η(x)| dx
)2
≤ s
∫∫
{0<|z|<1}
(f(x+ z)− f(x))2 ν(dz) dx
+ s
∫
Rd
f(x)2
(∫
{0<|z|<1}
(η(x+ z)− η(x))2 ν(dz)
)
dx
+ β0(s)
(∫
B(0,R0+1)
|f(x)| dx
)2
≤ c3sE(f, f) + c3s
∫
Rd
f(x)2 dx+ β0(s)
(∫
B(0,R0+1)
|f(x)| dx
)2
,
(2.30)
where in the last inequality we used (2.29) and (2.9) to show that
sup
x∈Rd
∫
{0<|z|<1}
(η(x+ z)− η(x))2 ν(dz) ≤ c3
∫
{0<|z|<1}
|z|2 ν(dz) <∞.
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Combining (2.30) with (2.28), we know that for any f ∈ C∞c (R
d) and s > 0,∫
Rd
f(x)2 dx ≤
(
1
2C
+ c3s
)
E(f, f) + c3s
∫
Rd
f(x)2 dx
+ β0(s)
(∫
B(0,R0+1)
|f(x)| dx
)2
+
C0
C
∫
B(0,R0)
f(x)2 dx
≤
{
1
2C
+ c3s
(
1 +
C0
C
)}
E(f, f) + c3s
(
1 +
C0
C
)∫
Rd
f(x)2 dx
+ β0(s)
(
1 +
C0
C
)(
sup
z∈B(0,R0+1)
ψ(z)−1
)(∫
Rd
|f(x)|ψ(x) dx
)2
,
where ψ is any strictly positive function in L2(Rd; dx). We note here that the constant c3
above is independent of C, but both C0 := C0(C) and R0 := R0(C) depend on C.
Now, for any r > 0, we first take C = 1/r (i.e., 1/C = r and C0 := C0(C) = C0(1/r) is
fixed), and then choose s := s(r) = r/(2c3(1+rC0(1/r))) > 0 so that c3s(1+C0/C) = r/2.
Then, for any f ∈ C∞c (R
d) and for any strictly positive function ψ ∈ L2(Rd; dx),∫
Rd
f(x)2 dx ≤rE(f, f) +
r
2
∫
Rd
f(x)2 dx
+ α(r)
(
sup
z∈B(0,R0(1/r)+1)
ψ(z)−1
)(∫
Rd
|f(x)|ψ(x) dx
)2
,
where
α(r) := β0(s(r)) (1 + rC0(1/r)) .
This in particular implies that for all 0 < r ≤ 1,
∫
Rd
f(x)2 dx ≤ 2rE(f, f) + 2α(r)
(
sup
z∈B(0,R0(1/r)+1)
ψ(z)−1
)(∫
Rd
|f(x)|ψ(x) dx
)2
.
Hence, for all 0 < r ≤ 2,
∫
Rd
f(x)2 dx ≤ rE(f, f) + 2α(r/2)
(
sup
z∈B(0,R0(2/r)+1)
ψ(z)−1
)(∫
Rd
|f(x)|ψ(x) dx
)2
.
Therefore, for any r > 0 and f ∈ C∞c (R
d),
∫
Rd
f(x)2 dx ≤ rE(f, f) + β(r)
(∫
Rd
|f(x)|ψ(x) dx
)2
, (2.31)
where
β(r) = 2α((2 ∧ r)/2))
(
sup
z∈B(0,R0(2/(2∧r)+1)
ψ(z)−1
)
.
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Note that, in (2.31) we can take any strictly positive and bounded function ψ ∈ L2(Rd; dx);
for example, ψ(x) = (1+ |x|)−d−θ with θ > 0 or ψ(x) = e−c|x|
θ
with c, θ > 0. In particular,
with this choice, β(r) < ∞ for all r > 0. Since C∞c (R
d) is ‖ · ‖E1-dense in F , (2.31) is
valid for any f ∈ F . Hence, we obtain the essential super Poincare´ inequality for (E ,F).
Combining this with [15, Theorems 3.1.7, 3.2.1 and 0.3.9], we prove that the semigroup
(Pt)t≥0 is compact on L
2(Rd; dx), also thanks to the assertion claimed above that (Pt)t≥0
has a transition density function with respect to the Lebesgue measure.
Remark 2.9. As seen from the proof above, Proposition 2.6 is the key ingredient to yield
Theorem 2.4. This along with Remark 2.7 partly explain the reason why the criteria for
compactness of the semigroup associated with the non-local Dirichlet form (E∗,F∗) on
L2(Rd; dx) with finite range jumping kernel is similar to these for the local Dirichlet form
given by (1.1). On the other hand, following the proof of Theorem 2.4 (in particular
the comparison argument), one may show that the semigroup associated with the local
Dirichlet form (EL,FL) given in Remark 2.2 is compact, if
lim inf
|x|→∞
inf
ξ∈Rd
∑d
i,j=1 aij(x)ξiξj
|x|2|ξ|2
=∞.
3 Proof of Theorem 1.1 and further examples
We first present the
Proof of Theorem 1.1. LetW (x, y) be as in (1.6) such that Ui (i = 1, 2) is locally bounded
and (1.7) holds. Then it is easy to verify the condition (2.3).
We first prove (i). Under the setting in this assertion, W (x, y) satisfies Assumption
2.3(i). Let J(x, dy) = |x− y|−d−α dy and ν(dz) = 1{0<|z|<1}|z|
−d−α dz. Then, the measure
ν is symmetric, and J(x, x+A) = ν(A) for any x ∈ Rd and for any Borel set A ⊂ B(0, 1).
Moreover, by the proof of [1, Proposition 2.2], there exists c1 > 0 such that for any ξ ∈ R
d,∫
{0<|z|<1}
(1− cos〈z, ξ〉) ν(dz) ≥ c1(|ξ|
2 ∧ |ξ|α). (3.1)
Hence Assumption 2.3(ii) is fulfilled with β0(r) = c2(r
−d/α ∨ r−d/2) for all r > 0. Then by
Theorem 2.4, the semigroup (Pt)t≥0 is compact on L
2(Rd; dx).
We next prove (ii). Under the setting in this assertion, by some simple calculations,
we find that for all l ≥ 1,∫
{|x|≤l}
∫
Rd
(
1 ∧
|x− y|2
l2
)
W (x, y)J(x, dy) dx ≤ c3(l
d + ld+p−α).
This along with the assumption p ∈ [0, α) yields that (2.4) holds true. Therefore, the
semigroup (Pt)t≥0 is not compact on L
2(Rd; dx) by Theorem 2.1.
We next present further examples of non-local Dirichlet forms to which Theorems 2.1
and 2.4 are applicable.
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Let σ(dθ) be a finite and symmetric nonnegative measure on the unit sphere S in Rd.
Assume that σ is nondegenerate in the sense that its support is not contained in any
proper linear subspace of Rd. For any α ∈ (0, 2), let
ν(A) =
∫ 1
0
(∫
S
1A(rθ) σ(dθ)
)
r1+α dr, A ∈ B(Rd). (3.2)
Then, by the proof of [10, Example 1.5], we know that (3.1) still holds true. With this
fact at hand, we have the following two examples, which indicate that Theorems 2.1 and
2.4 work for some degenerate or singular (with respect to the Lebesgue measure) jumping
kernels.
Example 3.1. Let Λ be an infinite cone on Rd with d ≥ 2 that has non-empty interior
and is symmetric with respect to the origin, i.e., λx ∈ Λ if x ∈ Λ and λ ∈ R. For
α ∈ (0, 2), let
ν(dz) = 1{0<|z|<1}
1
|z|d+α
1Λ(z) dz
and J1(x, dy) = ν(d(y−x)). Then, J1(x, dy) satisfies Assumption 2.3(ii) with the measure
ν. On the other hand, (3.2) holds with σ(dθ) = 1Λ∩S(θ)µ(dθ), where µ is the Lebesgue
surface measure on S. Hence, (3.1) remains valid for ν. Therefore, according to the
proof of Theorem 1.1, the assertion of Theorem 1.1 is true with J(x, dy) = |x− y|−d−α dy
replaced by the jumping kernel J1(x, dy) above.
In fact, following the proof of Theorem 1.1, we can obtain that Theorem 1.1 also holds
true for
J2(x, dy) =
(
∞∑
n=0
|x− y|−(d+α)1{|x−y|∈[2−(2n+1),2−2n)}
)
dy,
with α ∈ (0, 2).
Example 3.2. For any α ∈ (0, 2), let
ν(dz) =
d∑
i=1
[
1{0<|zi|<1}
dzi
|zi|1+α
⊗
∏
j 6=i
δ0(dzj)
]
,
where δ0 is the Dirac measure at 0 ∈ R. Let {ei}
d
i=1 be the standard orthonormal basis
of Rd and
σ(dθ) :=
d∑
i=1
δ±ei(dθ),
where δθ0(dθ) denotes the Dirac measure on S concentrated at θ0 ∈ S. Then the measure
ν satisfies (3.1) because (3.2) holds with this σ. Therefore, by the proof of Theorem
1.1, the assertion of Theorem 1.1 is true with J(x, dy) = |x − y|−d−α dy replaced by the
jumping kernel J3(x, dy) = ν(d(y − x)).
Indeed, we can further extend the example above to more general setting. Let d =
d1+d2 with di ≥ 1 for 1 ≤ i ≤ 2. For i = 1, 2, let δ
(i)
z be the di-dimensional Dirac measure
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at z ∈ Rdi , and m(i) the di-dimensional Lebesgue measure. For α1, α2 ∈ (0, 2), define a
rotationally invariant measure ν on Rd1+d2 by
ν(dz) = ν(dz1 × dz2)
= 1{0<|z1|<1}
1
|z1|d1+α1
m(1)(dz1)⊗ δ
(2)
0 (dz2)
+ 1{0<|z2|<1}
1
|z2|d2+α2
δ
(1)
0 (dz1)⊗m
(2)(dz2),
and the kernel J4(x, dy) on R
d1+d2 × B(Rd1+d2) by
J4(x, dy) = ν(d(y − x))
= 1{0<|x1−y1|<1}
1
|x1 − y1|d1+α1
m(1)(dy1)δ
(2)
x2
(dy2)
+ 1{0<|x2−y2|<1}
1
|x2 − y2|d2+α2
δ(1)x1 (dy1)m
(2)(dy2).
Note that the measure ν(dz) above is a Le´vy measure of the direct product of truncated
symmetric αi-stable processes on R
di with i = 1, 2. Then, we can claim that the assertion
of Theorem 1.1 remains true with q ∈ [0, α1∧α2) and the jumping kernel J4(x, dy) above.
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